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Let X be a real Banach space, Z a closed nonvoid subset of X, and J: Z “ R a
lower semicontinuous function bounded from below. If X is reflexive and has the
Kadets property then the set of all x g X for which there exists z g Z such that0
Ž . 5 5  Ž . 5 5 4J z q x y z s inf J z q x y z : z g Z is G and dense in X. This extends0 0 d
Ž .a result of K.-S. Lau 1978, Indiana Uni¤ . Math. J., 27, 791]795 on nearest points
Ž .the case J s 0 . Q 2000 Academic Press
1. INTRODUCTION
This paper is concerned with the generic existence of solutions for some
perturbed optimization problems containing as a particular case the prob-
lem of nearest points. The problem of farthest points will be briefly
discussed also.
The Problem of Nearest Points
Let X be a real linear normed space and Z a nonvoid subset of X. For
x g X let
5 5 4d x , Z s inf x y z : z g ZŽ .
5 5P x s P x s z g Z : x y z s d x , Z 4Ž . Ž . Ž .Z
E Z s x g X : P x / B 4Ž . Ž .
U Z s x g X : card P x F 1 4Ž . Ž .
EU Z s x g X : card P x s 1 . 4Ž . Ž .
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Ž . Ž .The elements if any of the set P x are called nearest points to x inZ
Ž . Ž .Z. The set Z is called proximinal if E Z s X, antiproximinal if E Z s Z,
Ž . Ž .a uniqueness set if U Z s X, and Chebyshe¤ if EU Z s X. If these sets
Žonly contain a subset which is G and dense in X or, equivalently, if theird
.complements are of first Baire category in X then the set Z is called
almost proximinal, an almost uniqueness set, and almost Chebyshe¤ , respec-
tively.
w xStechkin 39 proved that if the space X satisfies some geometrical
conditions then all of its closed subsets satisfy some of the ``almost''
properties mentioned above. For instance, the space X is strictly convex iff
Ž . Ž .U Z is dense in X, and it is locally uniformly convex iff U Z is G andd
dense in X, for any nonvoid closed Z ; X. Stechkin proved also that if X
Ž .is uniformly convex then EU Z is G and dense in X, for any nonvoidd
closed subset Z of X, and asked whether this result remains true in locally
uniformly convex Banach spaces. Finer existence results, based on the
notion of porosity, were obtained within the framework of uniformly
w xconvex Banach spaces by De Blasi et al. 17 .
w x Ž .Lau 35 extended Stechkin's result on the denseness of EU Z to
Žlocally uniformly convex reflexive Banach spaces in fact to reflexive
.Banach spaces having the Kadets property . An alternative approach,
based on some regularity properties of the distance function, was proposed
w x Ž w x. w xin 9 see also 10 . Edelstein 24 showed that this result is no longer true
w xin reflexive strictly convex Banach spaces, and Konyagin 30, 31 showed
that it is not true in any Banach space which is not both reflexive and a
Ž w xKadets space see also 9 }such spaces contain closed subsets Z for which
Ž . w xE Z is not dense in X. The author of the present paper has shown in 11
that the space c with Day's locally uniformly convex norm contains a0
closed bounded antiproximinal convex body.
The Problem of Farthest Points
Suppose further that the set Z is bounded and let
5 5 4h x , Z s sup x y z : z g ZŽ .
5 5Q x s Q x s z g Z : x y z s h x , Z 4Ž . Ž . Ž .Z
F Z s x g X : Q x / B 4Ž . Ž .
u Z s x g X : card Q x F 1 4Ž . Ž .
Fu Z s x g X : card Q x s 1 . 4Ž . Ž .
Ž . Ž .The elements of the possibly empty set Q x are called farthest pointsZ
w xfrom x in Z. Edelstein 22 proved that if X is a uniformly convex Banach
Ž .space then F Z is G and dense in X, for any nonvoid closed boundedd
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w xZ ; X. This result was extended by Asplund 1 to reflexive locally uni-
w xformly convex Banach spaces and by Lau 32 to weakly compact subsets of
arbitrary Banach spaces. The problem of farthest points is also treated in
w x18, 38, 42 .
w xDe Blasi and Myjak 16 considered the more general problems of
finding mutually nearest and mutually farthest points of pairs of nonvoid
closed bounded subsets of uniformly convex Banach spaces and proved
Ž .generic with respect to the Hausdorff]Pompeiu metric existence results
for these problems.
Perturbed Problems
For a functional J: Z “ R and x g X consider the problems
Problem J-inf. Find z g Z such that0
5 5 5 5J z q x y z s inf J z q x y z : z g Z . 1.1 4Ž . Ž . Ž .0 0
Problem J-sup. Find z g Z such that0
5 5 5 5J z q x y z s sup J z q x y z : z g Z . 1.2 4Ž . Ž . Ž .0 0
In the first case the functional J is supposed bounded from below, and in
the second case J is supposed bounded from above and the set Z
bounded.
w x w xBaranger 3 extended Stechkin's result 39 proving that if Z is a
nonvoid closed set and the functional J is bounded from below and lower
Ž .semicontinuous l.s.c. then the set of all x g X for which Problem J-inf
w x w xhas a solution is G and dense in X. Edelstein's 22 and Asplund's 1d
results on farthest points were extended also by Baranger to Problem
w x w x w xJ-sup in 3 and 4 , respectively. Finally, we have extended in 12 the result
w xof Lau 32 , proving that if J is a weakly u.s.c. real-valued functional
bounded from above and defined on a weakly compact subset Z of a
Banach space X, then the set of all x g X for which Problem J-sup has a
solution is G and dense in X. For other results on perturbed optimizationd
w x w xproblems see 6, 26, 27, 36, 40, 41 and see the monograph 21 .
The results on the generic existence of solutions for perturbed optimiza-
w xtion problems have been applied in 2]7, 12 to optimal control problems
Ž .governed by partial differential equations PDE . If the control problem of
Ž . 5 Ž . 5minimization or maximization of the quantity y u y z over a subset
Ž . Ž .U of admissible controls of a Banach space X, where y u is the uniquead
Žsolution of a PDE, has no solution for an example of such a problem see
w x. Ž37 then one replaces it by a perturbed problem of minimization resp.
. 5 Ž . 5 5 5 Ž 5 Ž . 5maximization of the function y u y z q e u y ¤ or y u y z y
5 5.e u y ¤ to which the general generic existence results can be applied.
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w xThe aim of the present paper is to extend the result of Lau 35 on
almost Chebyshev subsets of reflexive locally uniformly convex Banach
spaces to Problem J-inf.
2. MAIN RESULT
We say that a Banach space X satisfies the Kadets property provided
5 5w 6
5 5 5 5x “ x weakly and x “ x imply x x stronglyŽ . Ž .n n n
KŽ .
Ž .for any sequence x in X and any x g X. Locally uniformly convexn
1Ž .Banach spaces and the space l I , for an arbitrary index set I, satisfy the
Kadets property.
The main result of this paper is the following.
THEOREM 2.1. Let X be a reflexi¤e Banach space satisfying the Kadets
Ž .property K , let Z be a non¤oid closed subset of X, and let J: Z “ R be a
l.s.c. function bounded from below.
Then the set of all x g X for which the Problem J-inf has a solution is Gd
and dense in X.
w xThe proof, inspired by some ideas from 9, 35 , will be divided into
several steps which, for convenience, will be called lemmas.
w xRemark. Lau 35 formulated his result for a reflexive locally uniformly
convex Banach space X, but the proof uses only the reflexivity of X and
the Kadets property, which is satisfied in any locally uniformly convex
Banach space.
Let w : X “ R be defined by
5 5w x s inf J z q x y z : z g Z . 2.1 4Ž . Ž . Ž .
As J is bounded from below on Z, say by ya g R, it follows that
Ž . Ž .J z q a G 0 z g Z and
5 5 5 5inf a q J z q x y z : z g Z s a q inf J z q x y z : z g Z 4  4Ž . Ž .
so that we can suppose
J z G 0 z g Z . 2.2Ž . Ž . Ž .
The following lemma contains some simple remarks about the func-
tion w.
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LEMMA 2.2. The function w ¤erifies the relations
X X X5 5w x y w x F x y x for all x , x g X 2.3Ž . Ž . Ž .
and
w x y w xXŽ . Ž .
lim sup s 1 for x g X _ Z. 2.4Ž .X
X 5 5x y xx “x
Proof. If x, xX g X then
5 5 5 X 5 5 X 5w x F J z q x y z F J z q x y z q x y xŽ . Ž . Ž .
Ž . Ž X . 5 X 5for all z g Z, implying w x F w x q x y x . Interchanging the roles
X Ž .of x and x one obtains 2.3 .
Let x g X _ Z and let z g Z be such thatn
1
5 5J z q x y z - w x q n g N .Ž . Ž . Ž .n n 2n
Taking
1
x [ x q z y xŽ .n n5 5n x y zn
5 5 Žit follows that x y x s 1rn. If n is sufficiently large e.g., such thatn
Ž .. w x 5 5 5 5 5 51rn - d x, Z then x g x, z and x y z s x y x q x y z ,n n n n n n
implying
1
5 5 5 5 5 5w x q ) J z q x y z s J z q x y z q x y xŽ . Ž . Ž .n n n n n n2n
5 5G w x q x y x .Ž .n n
Therefore
w x y w x 1 1Ž . Ž .n
) 1 y s 1 y ,25 5 5 5x y x nn x y xn n
Ž Ž .. Ž .which shows taking into account 2.3 that 2.4 holds.
Let X U be the conjugate space of X and let f : X “ R. An element
xU g X U is called a local e-support functional for f at x g X provided
there exists h ) 0 such that
U 5 5f y y f x G x y y x y e y y x 2.5Ž . Ž . Ž . Ž .
5 5 Ž w x.for all y g X with x y y - h see 27 .
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LEMMA 2.3. Let x g X _ Z. If xU g X U is a local e-support functional for
Ž Ž ..the function w gi¤en by 2.1 then
< 5 U 5 <x y 1 - e . 2.6Ž .
Ž . Ž .Proof. By 2.5 and 2.3
w y y w x y y xŽ . Ž .
U1 G G x y ež /5 5 5 5x y y y y x
5 5 5 U 5for all y g X with 0 - x y y - h, implying x F 1 q e .
Ž .Appealing again to 2.5 we obtain
w x y w y x y yŽ . Ž .
U U5 5y e F x F x .ž /5 5 5 5x y y x y y
Ž Ž . Ž .. 5 5 ŽTaking y s x such that lim w x y w x r x y x s 1 possible byn n n n
UŽ .. 5 5 Ž .2.4 , and letting n “ ‘, one obtains 1 y e F x ; i.e., 2.6 holds.
Now we shall consider some sets relating the local support functionals of
w and the solutions of Problem J-inf.
For x g X _ Z and d ) 0 put
5 5Z x , d s z g Z : J z q x y z F w x q d . 2.7 4Ž . Ž . Ž . Ž .
For 0 - e - 1 let A be the set of all x g X _ Z for which there existe
xU g X U and d ) 0 such that
U U< 5 5 <x y 1 - e and inf J z q x x y z ) 1 y e w x .Ž . Ž . Ž . Ž .
Ž .zgZ x , d
2.8Ž .
We have
U eLEMMA 2.4. If x is a local -support functional for w at x then x g A .e4
Proof. Suppose 0 - e - 1 and let 0 - h - 1 be such that
e
U 5 5w y y w x G x y y x y y y x 2.9Ž . Ž . Ž . Ž .
4
5 5for all y g X with x y y - h. Take 0 - g - 1 such that
1gw x - 2.10Ž . Ž .2
and let
1d s ehgw x . 2.11Ž . Ž .2
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1It follows that d - . If z g Z is such that4
5 5J z q x y z F w x q d 2.12Ž . Ž . Ž .
5 5 Ž Ž . .then hg x y z F hg w x q d - h.
Ž . Ž . 5 5If y [ x q hg z y x then y y x s hg z y x , so that y y x - h,
Ž .Ž .and y y z s 1 y hg x y z .
Ž . Ž . Ž .Replacing this y in 2.9 and taking into account 2.1 and 2.12 we get
U 1 5 5hg x z y x y ehg x y zŽ . 4
F w x q hg z y x y w xŽ . Ž .Ž .
5 5 5 5F J z q 1 y hg x y z y J z y x y z q dŽ . Ž . Ž .
5 5s yhg x y z q d .
Dividing by hg ) 0 one obtains
e d
U 5 5 5 5x z y x F y x y z q x y z qŽ .
4 hg
e d
5 5s y1 q x y z qž /4 hg
e e
5 5s y1 q x y z q w x by 2.11 .Ž . Ž .Ž .ž /4 2
It follows that
e e
U 5 5J z q x x y z G 1 y x y z q J z y w xŽ . Ž . Ž . Ž .ž /4 2
e e e
5 5s 1 y J z q x y z q J z y w xŽ . Ž . Ž .ž /4 4 2
e e
G 1 y w x y r x by 2.1 and 2.2Ž . Ž . Ž . Ž .Ž .ž /4 2
3e
s 1 y w x .Ž .ž /4
Therefore
3e
Uinf J z q x x y z : z g Z x , d G 1 y w x ) 1 y e r x , 4Ž . Ž . Ž . Ž . Ž . Ž .ž /4
i.e., x g A .e
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COROLLARY 2.5. The set A is dense in X for any 0 - e - 1.e
w x wProof. As in 9, 35 , we appeal to a result of Ekeland and Lebourg 27,
xTheorem 1.2 , asserting that a real-valued l.s.c. function, defined on a
Banach space X admitting a Frechet differentiable nonnegative functionÂ
Ž .with bounded support bump function , is locally e-supported on a dense
subset of X. Each reflexive Banach space can be given an equivalent
Ž w x.Frechet differentiable norm see 20, Sect. 5 and every Banach space withÂ
a Frechet differentiable norm admits a continuously Frechet differentiableÂ Â
Ž w x.bump function see 19, Chap. I, Fact 2.1 , so that we can apply this result
to the continuous function w to conclude that for every x g X and every
e5 5r ) 0 there is y g X, with x y y - r, such that w is locally -supported4
at y by a functional xU g X U. By Lemma 2.4, y g A , showing that A ise e
dense in X.
LEMMA 2.6. The set A is open in X.e
Proof. Let 0 - e - 1 and x g A . Pute
m x , d [ inf J z q xU x y z : z g Z x , d , 2.13 4Ž . Ž . Ž . Ž . Ž .
U Ž .where x and d satisfy 2.8 .
Define b by
2b [ m x , d y 1 y e w x ) 0, 2.14Ž . Ž . Ž . Ž .
and take a ) 0 such that
3a F d 2.15Ž .
and
Ux w F b 2.16Ž . Ž .
5 5for all w g X with w F 2a .
We prove that
inf J z q xU xX y z : z g Z xX , a ) 1 y e w xX 2.17 4Ž . Ž . Ž . Ž . Ž . Ž .
X 5 X 5 Ž .for all x g X with x y x F a ; i.e., the closed ball B x, a is contained
in A .e
5 X 5 Ž . 5 X 5 Ž X .Observe that x y x F a and J z q x y z F w x q a imply
5 5 5 X 5 5 X 5J z q x y z F J z q x y z q x y xŽ . Ž .
F w xX q 2a s w x q w xX y w x q 2aŽ . Ž . Ž . Ž .
F w x q 3a F w x q d by 2.3 and 2.15 .Ž . Ž . Ž . Ž .Ž .
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It follows that
J z q xU x y z G m x , dŽ . Ž . Ž .
Ž .from which, by 2.16 ,
xU w F J z q xU x y z y m x , d q bŽ . Ž . Ž . Ž .
5 5for all w g X with w F 2a , implying
5 U 5 U2a x F J z q x x y z y m x , d q b . 2.18Ž . Ž . Ž . Ž .
But then
J z q xU xX y zŽ . Ž .
s J z q xU x y z q xU xX y xŽ . Ž . Ž .
5 U 5 5 U 5G 2a x q m x , d y b y a x by 2.18Ž . Ž .Ž .
5 U 5s a x q m x , d y bŽ .
5 U 5s a x q 1 y e w x q b by 2.14Ž . Ž . Ž .Ž .
X XU5 5s 1 y e w x q a x q 1 y e w x y w x q bŽ . Ž . Ž . Ž . Ž .
X 5 U 5G 1 y e w x q b q a x y 1 y e a by 2.3Ž . Ž . Ž . Ž .Ž .
X 5 U 5w xs b q 1 y e w x q a x y 1 q eŽ . Ž .
G b q 1 y e w xX by 2.8 .Ž . Ž . Ž .Ž .
It follows that
inf J z q xU xX y z : z g Z xX , a 4Ž . Ž . Ž .
G b q 1 y e w xX ) 1 y e w xX ,Ž . Ž . Ž . Ž .
Xi.e., x g A .e
Now let
A [ A . 2.19Ž .F 1r n
nG2
By Lemma 2.6, A is a G set and, by Corollary 2.5 and the Baired
category theorem, it is dense in the Banach space X.
Theorem 2.1 will follow now from the following final lemma.
LEMMA 2.7. If x g A then there exists z g Z such that
5 5w x s J z q x y z . 2.20Ž . Ž . Ž .
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Proof. Let x g A and let xU g X U and d ) 0 be such thatn n
1
U< 5 5 <x y 1 - 2.21Ž .n n
and
1
UJ z q x x y z ) 1 y w x 2.22Ž . Ž . Ž . Ž .n ž /n
Ž . 5 5 Ž .for all z g Z with J z q x y z F w x q d .n
Choose z g Z such thatn
1
5 5J z q x y z F w x q 2.23Ž . Ž . Ž .n n n
w Ž . 5 5x Ž .for all n g N, n G 2. It follows that lim J z q x y z s w x .n n n
Ž .Since the sequence z is bounded and the space X is reflexive, it willn
contain a subsequence weakly convergent to an element z g X. Therefore,
without loss of generality, we can suppose
5 5J z q x y z “ w xŽ . Ž .n n
w
x y z “ x y zn 2.24Ž .
5 5x y z “ bn
J z “ a .Ž .n
Let m g N, m G 2, be fixed and let n g N be such that 1rn - d .0 0 m
1Ž . 5 5 Ž . Ž .Then J z q x y z F w x q F w x q d , so thatn n mn
1
UJ z q x x y z ) 1 y w xŽ . Ž . Ž .n m n ž /m
for all n g N, n G n , which yields, for n “ ‘,0
1
Ua q x x y z G 1 y w x .Ž . Ž .m ž /m
5 U 5 Ž Ž ..Since x “ 1 by 2.21 andm
1
U U5 5 5 5a q x x y z G a q x x y z G 1 y w x ,Ž . Ž .m m ž /m
Ž .we obtain letting m “ ‘
5 5a q x y z G w x . 2.25Ž . Ž .
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w
5 5As the norm ? is weakly l.s.c. and x y z “ x y z, we haven
5 5 5 5x y z F lim x y z s b ,n
n“‘
Ž .which, combined with 2.25 , gives
5 5w x F a q x y z F a q b s w x ,Ž . Ž .
5 5 5 5implying x y z s b s lim x y z .n“‘ nw
5 5 5 5 Ž .From x y z “ x y z, x y z “ x y z , and the property K , veri-n n
5 5 5 56 6
fied by the space X, one obtains x y z x y z and z z. As the setn n
Z is closed and z g Z, n G 2, it follows that z g Z. The lower semiconti-n
Ž . Ž .nuity of the function J implies J z F lim J z s a .n n
But then
5 5w x F J z q x y z F a q b s w x ,Ž . Ž . Ž .
Ž . Ž . 5 5showing that w x s J z q x y z .
Theorem 2.1 is completely proved.
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